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$\mathbb{F}_{2}$ $n$ $\mathbb{F}_{2}^{n}$ $\mathbb{F}_{2}^{n}$
$\langle x,$ $y \rangle=\sum_{i=1}^{n}$ xiyi $mod 2$ $\mathbb{F}_{2}^{n}$ $x=(x_{i})$ (weight)
wt $(x)=|\{i|x_{i}\neq 0\}|$
$\mathbb{F}_{2}^{n}$ (length) $n$ ( ) (code) $C$
(minimum weight), $\mu(C)=\min\{wt(x)|x\in C\backslash \{O\}\}$ $C$
(dual code) $C^{\perp}$ $C^{\perp}=\{x\in \mathbb{F}_{2}^{n}|\langle x, y\rangle=0, \forall y\in C\}$
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(self-dual) $C=C^{\perp}$ 4 $C$
$n$ $C$
Aut $(C)$ $n$ $C$ (weight enumerator)
$W_{C}(X, Y)= \sum_{c\in C}X^{wt(c)}Y^{n-wt(c)}$
2.2
$\mathbb{R}$
$n$ $\mathbb{R}^{n}$ $\langle,$ $\rangle$ $v\in \mathbb{R}$ $\langle v,$ $v\rangle$
$v$ (norm) 5 $L\subset \mathbb{R}^{n}$ (rank) $n$ (lattice)
$\mathbb{R}^{n}$
$\{e_{i}\}$ $L=\oplus_{i=1}^{n}\mathbb{Z}e_{i}$ $L$
(minimum norm) $\mu(L)=\min\{\langle v, v\rangle|v\in L\backslash \{O\}\}$ $L$
(dual lattice) $L^{*}$ $L^{*}=\{w\in \mathbb{R}^{n}|\langle v, w\rangle\in \mathbb{Z}\forall v\in L\}$ $L$ (even)
(unimodular)
$L=L^{*}$ 6 $L$ $\mathbb{R}^{n}$ $L$
Aut $(L)$ $L$ (theta series)
$\Theta_{L}(q)=\sum_{v\in L}q^{\langle v,v\rangle/2}$ $q=e^{2\pi\sqrt{-1}\tau},$ $\tau\in \mathbb{H}$ $\mathbb{H}$
2.3 (VOA)
VOA [Bo86, FLM88, FHL93]
2.1. [Bo86, FLM88] (vertex operator algebra) $\mathbb{Z}_{\geq 0}$-
$\mathbb{C}$
$V=\oplus_{i=0}^{\infty}V_{i}$ ,
$Y:V arrow (EndV)[[z, z^{-1}]],$
$v \mapsto Y(v, z)=\sum_{i\in \mathbb{Z}}v_{i}z^{-i-1},$
(vacuum vector) $1_{V}\in V_{0}$ (conformal element)
$\omega\in V_{2}$ $(V Y, 1_{V}, \omega)$
(Vl) $p\in \mathbb{Z}_{\geq 0}$ $\dim V_{p}<\infty.$
(V2) $a,$ $b\in V$ $p_{0}\in \mathbb{Z}$ $a_{p}b=0(p>p_{0})$
(V3) $v\in V$ $Y(v, z)1_{V}\in v+Vz[[z]].$






(V5) $L(p)=\omega_{p+1}$ (central charge) $n\in \mathbb{C}$
$[L(p), L(q)]=(p-q)L(p+q)+ \frac{p^{3}-p}{12}\delta_{p+q,0}n.$
(V6) $v\in V_{p}$ $L(O)v=pv.$
(V7) $v\in V$
$\frac{d}{dz}Y(v, z)=Y(L(-1)v, z)$ .
VOA
$\bullet$ $V_{0}=\mathbb{C}1$ 7 (CFT ).
$\bullet$ $V$ (simple), $V$ $\{0\}$ $V.$
$\bullet$ $V$ $C_{2}$- $(C_{2^{-}}$cofinite), $\dim(V/Span_{\mathbb{C}}\{a_{-2}b|a, b\in V\})<\infty.$
$\bullet$ $V$ (rational), $V$-
VOA [FHL93] $V$-
$R(V)$ $M$ $[M]$ VOA
$V$ (holomorphic) $V$ $V$ 9,
$[M^{1}],$ [ $M^{2}|,$ $[M|\in R(V)$ intertwining operator
$M^{1}arrow Hom(M^{2}, M)\{\{z\}\}$
(fusion rules) $N_{[M^{1}],[M^{2}]}^{[M]}$ ( [FHL93] ).
$V_{n}$ (conformal weight) $n$ $V_{\omega}$ $\omega$
VOA $V$ (minimum conformal weight) $\mu(V)=$
$\min\{m\in \mathbb{Z}_{\geq 0}|V_{m}/(V_{\omega})_{m}\neq 0\}$ 10 ([H\"o95]). $g\in$ $GL$ ( $V$ ) $gY(v, z)g^{-1}=$
$Y(gv, z)\forall v\in V$ $g\omega=\omega$ $V$
Aut(V) $V$ (character) ch(V) $=q^{-n/24} \sum_{m=0}^{\infty}\dim(V_{m})q^{m}$
$q=e^{2\pi\sqrt{-1}\tau},$ $\tau\in \mathbb{H}$ $\mathbb{H}$
2.4
2.2. ( ) VOA
7VOA V $=\oplus$ i $\in \mathbb{Z}$ $i<0$ $=0$ CFT
8 VOA (cf. [Zh96]).
$9R(V)=\{[V]\}$







3.1. (1) ( ) $e_{8}$ ( ) 8
(2) ( ) $G_{24}$ ( ) 24 8
3.2. $C$ $n$
(1) $W_{C}(X, Y)$
$G= \langle\frac{1}{\sqrt{2}}(\begin{array}{ll}1 11-1 \end{array}), (_{0}^{1} \sqrt{-1}0)\rangle$




H\"ohn ([H\"o95, H\"o03, H\"o08] )
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(3) $n$ $n\in 8\mathbb{Z}.$
(2) (extremal)
3.3. (i) 24
(ii) $G_{24}$ Mathieu $M_{24}$




3.5. (1) $E_{8}$ ( ) 8
(2) A ( ) 24 4
3.6. $L$ $n$
(1) $\Theta_{L}(q)\ovalbox{\tt\small REJECT}$ weight $n/2$ $SL(2, \mathbb{Z})$ $\Theta_{L}(q)\in \mathbb{C}[\Theta_{E_{8}}(q), \Theta_{\Lambda}(q)].$
(2) $L$
$\mu(L)\leq 2\lfloor\frac{n}{24}\rfloor+2.$
(3) $n$ $n\in 8\mathbb{Z}.$
(2) (extremal)
3.7. (i) 24 extremal even unimodular $\Lambda$









3.9. (1)[DM04] Es- VOA $V_{E_{8}}$ ( )
8 VOA
(2) [FLM88] VOA 24 VOA
3.10. [H\"o95] $V$ $n$ VOA
(1) (cf. [Zh96]) ch(V) $SL(2, \mathbb{Z})$ $\langle T^{3},$ $S\rangle$
ch $(V)\in \mathbb{C}[ch(V_{E_{8}}), ch(V^{\natural})]$ 13.
$T=(\begin{array}{ll}1 10 1\end{array}), S=(\begin{array}{l}0-110\end{array})$
(2) $V$
$\mu(V)\leq L\frac{n}{24}\rfloor+1.$
(3) $n$ VOA $n\in 8\mathbb{Z}.$
(2) (extremal) VOA
3.11. (i) $V^{\natural}$ $|$ 24 VOA
(ii) [FLM88] $\mathbb{M}$
3. 12. (1) 24 VOA $V^{\natural}$ ([FLM88]).
(2) 48 VOA
(3) [DM04] 16 VOA
13 ch$(V_{E_{8}})^{3}-744=$ ch $(V^{\natural})$ $\mathbb{C}[ch(V_{E_{8}}), ch(V^{\natural})]=\mathbb{C}[ch(V_{E_{8}})]$ .
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3.1.4 24 VOA
24 VOA 24 24
3.13 $\bullet$ 24 9 4
$\bullet$ 24 24 2
3.14 $\bullet$ 24 VOA
$\bullet$ 24 VOA 1
Schellekens $([Sc93])$ .
Dong-Mason 14 $([DM04])$ . Schellekens
Venkov 24 VOA
Venkov
3.15. [Ve78] $L$ 24 $L(2)=\{v\in L|\langle v, v\rangle=2\}$
$\bullet$ $L(2)=\emptyset$ $\langle L(2)\rangle z$ 24.
$\bullet$ $L$ $\frac{|L(2)|}{24}$
$\emptyset$ 24 24
( ) ( )
Venkov VOA
3.16. [Sc93, DM04, DM06] $V$ 24 VOA
$\bullet$ $V_{1}=0$ VOA 24.










15 ( ) VOA 16 VOA
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VOA VOA
3.17. [FLM88, $Do93$ , DGM96] VOA $-1$
$\mathbb{Z}_{2}$- 39 24 VOA
39 24 VOA17
3.18. [Lall, LS12, LS] 24 VOA $56(=39+17)$
1
3.19. $\bullet$ [Lall, LS12, LS] [BM12]




$\mathcal{L}^{+}(C)=\{v\in \mathcal{L}(C)|\langle v, \frac{1}{\sqrt{2}}(1,1, \ldots, 1)\rangle\in 2\mathbb{Z}\}.$
3.20. (1) $\mathcal{L}(C)$ $n$
(2) $R(\mathcal{L}(C))=\mathcal{L}^{*}(C)/\mathcal{L}(C)=\{\mathcal{L}(c+C)|c+C\in C^{\perp}/C\}.$
(3) $\Lambda$ $\mathcal{L}^{+}(G_{24})$ over
$L$ $n$ VOA ([FLM88]).
$\theta\in$ Aut $(V_{L})$ $-1\in$ .Aut $(L)$ $V_{L}^{+}=\{v\in V_{L}|\theta(v)=v\}$
$\theta$ VOA VOA





$18.\mathcal{L}(C)$ $A,$ $\mathcal{L}^{+}(C)$ $B$
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(3) $V_{\Lambda}^{+}$ ( )
$V_{L}^{+}$
3.22. [Sh12] $L,$ $N$ $n$
(1) $V_{L}\cong V_{N}\Leftrightarrow L\cong N.$
(2) $V_{L}^{+}\cong V_{N}^{+}\Leftrightarrow L\cong N$ or $\{L, N\}=\{E_{8}^{\oplus 2}, D_{16}^{+}\}.$
(3) $V_{L}^{+}\cong V_{N}\Leftrightarrow\exists C\subset \mathbb{F}_{2}^{n}$ s.t. $L\cong \mathcal{L}(C)$ and $N\cong \mathcal{L}^{+}(C)$ .
3.23. [KKM91, Sh12] $C,$ $D$ $n$
(1) $\mathcal{L}(C)\cong \mathcal{L}(D)\Leftrightarrow C\cong D.$
(2) $\mathcal{L}^{+}(C)\cong \mathcal{L}^{+}(D)\Leftrightarrow C\cong D$ or $\{C, D\}=\{e_{8}^{\oplus 2}, d_{16}^{+}\}.$
(3) $\mathcal{L}^{+}(C)\cong \mathcal{L}(D)\Leftrightarrow\exists K\subset \mathbb{K}^{n/4}$ s.t. $C\cong C(K)$ and $D\cong C^{+}(K)$ .
$C(K),$ $C^{+}(K)$ Kleinian ([H\"o03]).
3.24. $\bullet$ [KKM91] (1), (2)
$\mathcal{L}^{+}(C)$ $n>16$ $\mathcal{L}^{+}(C)$
$n>32$ $C\cong D$
$\bullet$ [Sh12] (2) $n\leq 16$ (
) (3)
$\bullet$ $C(K),$ $C^{+}(K)$ [KKM91] [ - ]
3.3 VOA
VOA $C=\{(0^{8}),$ (1) $\},$
$L=\sqrt{2}E_{8},$ $V=V^{+}$
$\sqrt{2}E_{8}$
3.25. $C=\{(0^{8}),$ (1) $\}$ $R(C)=C^{\perp}/C$
(1) $q_{C}$ : $R(C)arrow \mathbb{F}_{2},$ $c\mapsto wt(c)/2mod 2$ $R(C)$ $+$
$(R(C), q_{C})$ 6 $\mathbb{F}_{2}$ $+$
(2) Aut $(C)\cong S_{8}\cong O^{+}(6,2)$ .
3.26. $L=\sqrt{2}E_{8}$ $R(L)=L^{*}/L$
(1) $q_{L}$ : $R(L)arrow \mathbb{F}_{2},$ $v\mapsto\langle v,$ $v\rangle mod 2$ $R(L)$ $+$ $(R(L), q_{L})$
8 $\mathbb{F}_{2}$ $+$
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(2) Aut $(L)/\langle-1\rangle\cong O^{+}(8,2)$ .
3.27. $[Sh04]V=V_{\sqrt{2}E_{8}}^{+}$ $R(V)$ $V$-
$\mathbb{F}_{2}$ 10
(1) $q_{V}$ : $R(V)arrow \mathbb{F}_{2},$ $[M]\mapsto 2\cross(wt of M)mod 2$ $R(V)$ $+$
$(R(V), q_{V})$ 10 $\mathbb{F}_{2}$ $+$
(2) Aut $(V)\cong O^{+}(10,2)$ .
3.28. Aut $(V)\cong O^{+}(10,2)$ VOA ([Gr98]).
$G_{24},$ $A$ , $C^{\oplus 3},$ $L^{\oplus 3},$ $V^{\otimes 3}$
19 $M_{24},$ $Co_{1},$ $\mathbb{M}$
3.29. (1) Aut $(G_{24})$ $\{D\subset G_{24}|D\cong C^{\oplus 3}\}$
(2) $Stab_{Aut(G_{24})}(L^{\oplus 3})\cong 2^{6};(L_{3}(2)\cross S_{3})$ .
3.30. (1) Aut(A) $\{U\subset\Lambda|U\cong L^{\oplus 3}\}$
(2) $Stab_{Aut(\Lambda)}(C^{\oplus 3})\cong 2^{3}.(2^{12}:(L_{4}(2)\cross S_{3}))$ .
3.31. [Shll]
(1) Aut $(V^{\natural})$ { $U\subset V^{\natural}|U\cong V^{\otimes 3}$ :full subVOA}
(2) $Stab_{Aut(V)}\natural(V^{\otimes 3})\cong 2^{15}.(2^{20}:(L_{5}(2)\cross S_{3}))$.
$(3\cross 1)+(3\cross(2^{3}-1))\cross 1^{0}\cross 2^{2}+(3\cross(2^{3}-1)\cross 2^{4})\cross 1^{2}\cross 2^{1}=759,$
$(3\cross 240)+(3\cross(2^{4}-1))\cross 2^{0}\cross 16^{2}+(3\cross(2^{4}-1)\cross 2^{6})\cross 2^{2}\cross 16^{1}=196560,$
$(3\cross 156)+(3\cross(2^{5}-1))\cross 1^{0}\cross 8^{2}+(3\cross(2^{5}-1)\cross 2^{8})\cross 1^{2}\cross 8^{1}=196884.$
3.4
Assmus-Mattson 20
3.32. $\bullet$ $24k$ 5-
$\bullet$ $24k$ 11-







$Hom(s)=Span_{F_{2}}\{\mathbb{F}_{2}^{n}arrow \mathbb{F}_{2}, (x_{i})\mapsto\prod_{i\in M}x_{i}|\# M=s\}$
3.33. $\Omega=\{1,2, \ldots, n\}$ $X\subset(\begin{array}{l}\Omega k\end{array})$ t- $\Leftrightarrow\forall f\in\oplus_{i=0}^{t}Hom(i)$ ,
$\forall g\in S_{n}$ $\sum_{v\in X}f(v)=\sum_{v\in X}f(g(v))$
$S(r)\subset \mathbb{R}^{n}$ $0$ $r$ $Hom(s)=Span_{\mathbb{R}}\{S(r)arrow \mathbb{R},$ $(x_{i})\mapsto$
$\prod_{\Sigma a_{i}=s}x_{i}^{a_{i}}\}$
3.34. $W\subset S(r)$ t- $\Leftrightarrow\forall f\in\oplus_{i=0}^{t}Hom(i),$ $\forall g\in O(n)$
$\sum_{v\in W}f(v)=\sum_{v\in W}f(g(v))$ .
[H\"o08] VOA 21
$V=\oplus_{n=0}^{\infty}V_{n}$ VOA, $N=\oplus_{h\in \mathbb{C}}N_{h}$ $V$- $v\in V_{n}$
$o(v)=v_{n-1}$ $V_{\omega}$ $V$ $\omega$ VOA
$V$ $V_{\omega}$- $V_{\omega}$ $V$ $V_{\omega}$ $\pi$
3.35. [H\"o08] $N_{h}$ t- $\Leftrightarrow\forall f\in\oplus_{i=0}^{t}V_{i},$ $tr_{N_{h}}o(f)=tr_{N_{h}}o(\pi(f))$ .
3.36. [H\"o08] $V$ $24k$ VOA $n$
11-
3.37. $\bullet$ $\{c\in e_{8}| wt(c)=4\}$ $|$ $3-(8,4,1)$
$\bullet$ $\forall m\in \mathbb{Z}_{>0},$ $\{v\in E_{8}|\langle v, v\rangle^{-}=2m\}$ 7-
$\bullet$ $\forall m\in \mathbb{Z}_{>0},$ $(V_{E_{8}})_{m}$ 7-
3.38. $[MaO1$ , H\"o08 $]$ $V$ VOA $V_{1}=0,$ $V_{2}>1,$ $V_{2}$ 8-
$V$ 24 $\dim V_{2}=196884.$









$G_{24},$ $\Lambda,$ $V^{\natural}$ $\mathbb{M}$
VOA
Kleinian $L$- [H\"o03, GH].
VOA “ “
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